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A formula for the resolvent R(h, T) of a Baxter operator T, on a complex 
Banach algebra &’ with identity e, is obtained. With the parameter B # 0 
and e, but under some restriction, this formula is analogous to that for the 
resolvent of an averaging operator. A counterexample is given, which shows 
that such a Baxter operator is not averaging in general. When B is regular 
in &, a simple representation of T in terms of summation and averaging 
operators is obtained. 
1. INTRODUCTION 
Let JZZ be a complex Banach algebra, which need not be commutative but 
which is assumed to have identity e. If .T%(z?) is the algebra of all bounded 
linear operators mapping & into &, then a Baxter operator on JZZ is an 
element T of 93$2), which satisfies the identity. 
Tx.Ty=T(Tx.y+x.Ty-Oxy) (1.1) 
for all x and y in JX?; 0, being some fixed element of -01, is called the “param- 
eter” of (1. l), and is assumed to be in the center of ~2 if the latter is not 
commutative. 
Withx=e=yin(l.l)weobtain 
t2 = T(2t - 0) 
where we write t for Te. Similarly, with x = 2t - 0 and y = e, (1.1) yields 
t3 = T(3P - 3tB + e2). 
We can then easily show by induction that 
t” = T [(;) t-1 - (;) t-28 + . . . + (-l)P-1 (;) t”-“(P-1 + 0.. (1 2) 
. 
+ (- 1),-i (;) B”-q 
for all integers 72 > I. 
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From (1.2) it is plain that if T maps the identity e onto the central param- 
eter, that is, if 0 = t, then 
T(t”) = tn+l (1.3) 
for all nonnegative integers n. An immediate consequence of (1.3) is 
Tm(t) = tn+l (n > 0). (1.4) 
In particular, 
T”(e) = t” (n 3 0). W) 
Next, if Te = e, the substitution x = e = y in (1.1) gives T(0) = e, and 
hence 
T%(B) = e (n 3 1). V-6) 
On the other hand, with x = 0 and y = e, (1.1) gives 
T(@ = T2(8) = e by (1.6). 
Then, by induction 
T(@) = e (n 3 0). (1.7) 
LEMMA 1. For [ h [ > max(v(e), V(T)), where, as usual v(0) = 
limn+m I] 8" Jl1ln, 11 11 denoting the norm, we have 
(a) R(X, T) e = e/(x - 1) = R(X, e) 
(b) WW, f-91 =e/P - 1) 
if Te = e, where we write R(h, T) for (AZ - T)-l. 1 
We omit the proof, which is straightforward, using Te = e and (1.7) 
We only note that both V(T) > 1 and v(0) > 1. 
PROPOSITION 1. For all h in the infinite component of [Res(B) n Res( T)] - 
{0}, Res(*) denoting the resolvent set of *, we have 
m, T) x = (x/x) + (l/3 T[R(A, 6) XI 
for all XE.& if Te = e. 
Proof. For all such h, write 
Then 
K,X = cm + (113 T[R(A, 0) XI. 
AK&U - T) x] = (AI - T) x + T[R(X, 0) . (hl - T) X] 
= Ax 
using (1.1) with x replaced by R(h, 0) and y replaced by x, and Lemma 1. 
409/56/2-6 
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It can be proved in a similar way that 
noting that for all x in -4 
TZ[R(h, S) x] = T[BR(A, e) x] 
by using (1.1) with x replaced by R(X, 0) x’ and y = e. 1 
PROPOSITION 2. Assuming Te = e, we have 
R(A, T) x = (x/X) + (1 /A) R(X, 8) * TX (1.8) 
for all .x in d and all A in the infinite component of [Res(B) n Res( T)] - {0} isf 
19 = e. 
Proof. By Proposition 1, it suffices to show that 
T[R(h, 0) x] = R(X, ~9) TX VXEd, 
iff 0 = e. 
By the lemma, 0 = e implies T[R(/\, 0) . x] = li(X, 0) . TX. Conversely, 
suppose 
T[R(A, 0) x] = R(h, 0) . TX VXScE. 
Then, in particular, for x = e 
so that R(h, 0) = R(h, e) by Lemma 1. 
Hence B = e. 1 
Remark. We note that (1.8) is in fact 
R(/\, T) x = (x/h) + (TX/+ - 1)) 
as is to be expected, since this is a special case of a summation operator, 
known as Wendel projection (cf. [4]). 
From the above considerations it is seen that there exists some apparent 
connection between i3 and t = Te, which is worth investigating. In particular, 
Proposition 2 appears to suggest that by taking Te = 0, we might be able to 
obtain for T, a formula for its resolvent, similar to the known formula for the 
resolvent of an averaging operator A on &. 
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2. THE RESOLVENT OF T WHEN 0 = t = Te 
We have seen (cf. (1.3), (1.4), and (1.5)) that if 0 = t, then (1.1) gives 
T(tn) = tn+l = T*(t) (n 3 0) 
and 
T”(e) = P. 
If / X / > v(T), we have by (2.1) and (2.2) 
R(h, T) e = R(X, t) = (e/h) + (t/A) R(h, t) 
for X # 0, and 
R(X, T) t = tR(h, t) 
(2.1) 
(2.2) 
(2.3) 
noting that 1 X / > v(T) implies 1 h j > v(t), so that Res(T) C Res(t). 
Inductively, for j h 1 > v(T”) (n > l), 
R(h, T) t” = t”R(X, t) (n 2 0) 
and 
R(A, Tn) t = tR(h, t”) (n > 1). 
Next, for j h ( > V(P) (n > l), 
T[R(X, t”)] = tR(X, t”) = (t/h) + (t”+‘/A) A@, t”) (A f 0) 
= R(X, T”) t (n> 1) 
and 
Tn[R(h, t)] = t”R(h, t) = R(X, T) tn (a> 1) 
since 
T[R(X, t)] = tR(h, t) = + + ; R(h, t) 
= R(h, T) t. 
(2.4) 
We observe that, since (XI - T) R(X, T) e = e implies AR@, T) e = 
e + T[R(X, T) e], we have by (2.3) and (2.4) 
for 1 X 1 > v(T). 
T[R(A, T) e] = R(h, T) t 
Making use of (1 .l) and (2.4) we deduce that 
for I X I > v(t). 
T[R(h, t)] * TX = T[R(X, t) . TX] (2.5) 
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THEOREM 1. Let T be a Baxter operator on &, with parameter 0 in the 
center of &, and such that t = Te = 0. Then 
R(h, T) x = (x/h) + (l/h) R(X, t) . TX 
for al2 x E d and )I E Res(t)\(O} _C Res( T). 
Proof. For A E Res(t)\{O} and arbitrary x E &, write 
Hx = (x/h) + (1 /A) R(h, t) . TX. 
Then 
(2.6) 
h(hI - T) Hx = x + R(h, t) . TX - (TX/A) - (l/X) T[R(/\, t) . TX] 
=x by (2.4) and (2.5). 
On the other hand, since t = 0 implies t . TX = T(Tx) for all x in -02, 
H(hl- T)x =x 
can be proved in a similar way. 1 
Remarks. (1) From the foregoing it is not hard to see that the results 
still hold if we only assume 6’ = t = Te to be a central element of 9(T), the 
range of T. 
(2) Exactly as in [2] (cf. [2, Th eorem 2, p. 1861) it can be shown that 
Res( T)\(O) C Res(t). 
(3) It is easy to see that for 0 = t = Te, (2.1) is satisfied by 0 = Ae, 
a scalar multiple of the identity. Conversely, suppose 0 = he. Then from (1.1) 
we deduce 
(Te)2 = 2T2e - hTe, 
which is satisfied by Te = 0. 
Similarly, for averaging operators A, the relations 
A(tAn) = t;+’ = An(tA) 
where A(e) = t, , are satisfied by t, = he; and conversely, the relation 
(Ae)a = A2e 
deduced from the averaging identity, 
A(Ax.y)=Ax*Ay=A(x.Ay) 
is satisfied by t, = Ae. 
(2.7) 
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(4) Miller [3] h as obtained for the general Baxter operator T on d 
with central parameter 8, the formula 
valid for x E ZZ’ and h E A = Res(T) n Res(B) n {A: fF1 exists in ~$1 where 
fh = W, T) e 
h E .Z, the infinite component of the set [Res(t) n Res(e)]\{O}, the contour for 
the integral lying in E. 
If we write R, for the operator of right multiplication by *, then (2.8) 
becomes 
R(h T) = (I/4 + U/N R,TR,J&(,,,, (2.9) h 
where 
Now, if t9 = t = Te, then, by (2.3), 
fA = R(X, T) e = R(h, t) 
for 1 X 1 > v(T). Hence, 
RR(M) = R R&t) = R, 
and 
R-R -I. fA1 RLW - 
In the notation of (2.9) then, we deduce from (2.7) that if f3 = t = Te, 
RCA T) = (I/h) + (l/4 RR(AAT (2.10) 
for h E Z. If we observe that in this case t is a central element of SZZ’, then 
(2.10) is just 
R(h, T) x = (x/h) + (l/A) R(X, t) . TX 
for all x in .&, 
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3. FUNDAMENTAL ASSUMPTION 
We have just seen that the assumption Te ==- 0 and the Baxter identity 
(1 .I) lead to the relation 
T(Tx) = BTx 
for all x in &‘. This, in turn, gives us (2.6). 
In this section we shall only assume that our Baxter operator T satisfies the 
additional condition 
T(Tx) = BTx (3.1) 
that is, 
T lww = MO 9 
a multiplier by 8. Unless otherwise indicated, we shall not assume Te = 0. 
Then R(h, T) is of the form (2.6) with t replaced by 8. 
The assumption (3.1) is fundamental in the sense that it alone suffices to 
give any bounded linear operator T a formula for the resolvent similar to 
that of an averaging operator A. In other words, the formula R(A, A) as 
found by Gamlen and Miller in [2] (cf. [2, p. 185]), is in fact, for suitable A, 
that of any bounded linear operator T on &, such that T, restricted to its 
range W(T), is a multiplier by any central element of W(T). 
However, since we are primarily concerned with Baxter operators, we 
shall, unless otherwise specified, take T to be a Baxter operator as defined by 
(1 .l) and satisfying the additional condition (3.1). 
Consequently, with x = t = Te and y = e in (1.1) we obtain 
T(P) = BP 
so that, inductively, 
T(P) = Btn (n b 1). (3.2) 
Now, if T is also averaging on .d then (1.1) combined with (2.7) gives 
T(Tx . y) = T(Bxy) vx,yEd 
whence, 
T(Tx) = T(Bx) VX’xd, 
so that, by (3.1), 0 E Y(T), where 
Y(T) = {y: T(xy) = TX * y and T(yx) = yTx, Vx E d} 
is by definition, the scalar subalgebra of T on s/. 
LEMMA 2. Let T be Baxter on d with parameter 0 in the center of d, 
and such that T (a(.,,) = M, . Then 
OE.Y(T) iff t E 9(T). 
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Proof. Assume T(Ox) = BTx, Vx E&. Then (1.1) together with (3.1) 
gives 
t . TX = T(tx) VXEd. 
Similarly, TX * t = T(xt), Vx Ed. 
Thus 6’ E Y(T)* t E 9(T). 
Conversely, assume t E Y(T). Th en, again, from (1.1) and (3.1) we deduce 
that 
BTx = T(Tx) = T(Bx). 
Thus t E Y(T) * 0 E 9’(T). 1 
LEMMA 3. With T and T IWIT) as in Lemma 2, we have 
T”( TX) = e%% (3.3) 
for all x in JS! and integers n > 0. 
Proof. By (3.1) we have 
T2(Tx) = T(T2x) = f?TZx = e2Tx. 
The result follows by induction. 1 
Remark. For (3.3) it only suffices that T be any bounded linear operator 
on &, satisfying (3.1). 
As a further consequence of (3.1) we shall obtain a formula for the resolvent 
of a Baxter operator T satisfying (3.1). 
First, by (3.2) and (3.3), 
and 
R(h, T) e = (e/A) + (t/4 R(h, 0) (A # 0) (3.4) 
R(X, T) t = @(A, e) 
for ( h j > max(v(T), +J)). 
Next, 
ezqX, e) TX = (l/h) f (evxp-1) 
n=l 
= (l/X) 2 (T%(Tx)/A”-l) bY (3.3) 
?I=1 
= R(A, T) (T2x) = R(h, T) (BTx) by (3.1) 
for ( X I > max(@), v(T)). 
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But, 
(l/h)I(en) = (l/h) BTX = (l/h) T(Tx) 
(l/P) T(BTx) =(l//v) T(BTx) 
(l/A”) T2(8Tx) = (l/P) T(8crx) 
(l,w)‘T”(eTx) =;1,P+l) T(B” . TX), 
since 
T”(f3Tx) = T”+l(Tx) = WITx 
= T[T”(Tx)] = T(B” . TX) 
for n 3 0, by (3.3). Hence 
BR(h, 8) . TX = T[l?(h, 6) . TX] 
for / h j > max(v(Q v(T)). 
(3.5) 
THEOREM 2. Let T be uny bounded linear operator on &. For 13 in the center 
of 93(T), assume 
T lm = MO. 
Then 
R(h, T) x = (x/h) + (l/A) R(h, 8) . TX 
for all x E &’ and h E Res(B)\(O) C Res(T). 
Proof. For h E Res(B)\(O}, write 
Hx = (x/h) + (I/h) R(h, 0) . TX 
and obtain 
(Al - T) Hx = x + R(h, 0) TX - (TX/X) - (I/A) T[R(A, 0) . TX] 
X 
using (3.5) and observing that 
Similarly 
R(h, 8) . TX = (TX//\) + (O/A) R(h, 0) TX. 
H(hl- T)x=x. 1 
COROLLARY 1. Let T be Baxter on &, with parameter 9 in the center of d, 
and such that T IRcr) = iI& . Then 
R(A, T) x = (x/h) + (l/A) R(h, 0) . TX 
for all x E A and X E Res(B)\(O} 5. Res(T). 1 
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It is now readily seen that those spectral properties obtained in [2] (cf. 
[2, pp. 187-1911) for an averaging operator A, whose proofs rely solely on the 
fact that 
Ax. t, = &4x) = t, . Ax (Vx E d; t, = AC?), 
are also shared by our operator in Theorem 2, and, in particular, by our 
Baxter operator of Corollary 1. We omit both the statement and proof of 
these results, since in most cases it merely suffices to replace t, by 8. 
Instead, we prove the following 
THEOREM 3. Let T be as in the statement of Corollary 1. If t = Te is 
regular in d, then T cannot be averaging on d for t # 8. 
Proof. With x = e = y in (1.1) we obtain 
T(8) = 2T(t) - t2 
Since T lwcr) = A&, if we assume 6’ E Y(T), then 
T(t) = Bt = T(0) 
whence, T(d) = t2. Thus (0 - t) t = 0, which would imply 8 = t, as t is 
assumed to be regular in Se. 
So, 0 6 Y(T), and by Lemma 2, t $ Y(T). Consequently, T cannot be 
averaging on &. 1 
4. BAXTER OPERATORS ON FINITE-DIMENSIONAL ALGEBRAS 
Let ZJ’ be the complex algebra of (n x 1)-matrices with addition defined 
in the usual way and with pointwise multiplication. Define the norm of an 
element x E JZZ by 
Consider the algebra g(.zZ) of all (n x n)-matrices over the complex 
number field Q, which operate on JZZ as left multiplication. 
Since d is commutative, if T E S(&) is Baxter on -01, then 
2T(x . TX) = (Tx)~ + T(Ox2) (4.1) 
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identically for all x in ~2, 0 being any fixed element in SJJ. We note that (4.1) 
is equivalent to (1.1) (cf. [6]). 
THEOREM 4. Let &’ be a complex Banach algebra with identity and x, y 
two given elements of &‘. If the Baxter identity (1.1) (averaging identity (2.7)) is 
satisfied for x and y, both mutually and individually, then it is satisfied by all 
elements in the linear manifold JZ = (x, y>, spanned by x and y. 1 
We omit the proof, which consists of straightforward computation, 
involving the use of the Baxter [averaging] identity, and the linearity of T. 
COROLLARY 2. Let SZZ’ be a complex finite-dimensional algebra with identity; 
{efi)> (i = 1, 2,..., n), the basis elements of &, considered as a complex n-dimen- 
sional vector space. Then T E 9?(&) is Baxter [averaging] on ~2 zjf T is Baxter 
[averaging] on the set {eci)}, both pairwise and individually. 1 
Let us consider some simple examples 
EXAMPLE 1. Let AZZ’ be the complex algebra of (2 x I)-matrices; 5@(d), 
the complex algebra of (2 x 2)-matrices, which operate on JZZ’ as left multi- 
plication. Let T ~99(~2) be denoted by 
Then, with 
e(l) = l [I 0’ e(2) = 0 11  ’ and 
where we assume 0, # O2 , so that 0 would not be a scalar multiple of the 
identity [i], we obtain the following relations from (1.1) and (3.1) 
t,,t12 = 0 (4.2) 
tu(2tij - t, - ej) = 0 (i,j = 1, 2) (4.3) 
where, 
tjj = 0 5 tij = 0 
tjj = Oj =a tij = 0 
t,g,, = 0. 
or 
or (4.4) 
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From (4.4) we deduce the following Baxter matrices on CQZ, 
We note that from this set of Baxter matrices we can easily obtain the cor- 
responding set of summation matrices on d by setting 0 = e = [il. 
Now, if we subject T to the additional condition (3.1) straightforward 
computation shows that the above set of Baxter matrices reduces the following 
(4.5) 
EXAMPLE 2. Let d be the algebra of Example 1, but with TEL&XI) 
satisfying the averaging identity (2.7). Then, with T, e(r) and et2) as before, 
Corollary 2 gives the relations 
w12 = w21 = t21t22 3 
which yield the following averaging matrices on &, 
where h and t.~ are nonzero complex numbers, which need not be distinct. 
It is then not hard to see that the following operators, besides 0, are both 
Baxter and averaging on &‘, 
so that, if Te = 0, then 0 is necessarily a scalar multiple of the identity, that 
is, 0, = e2 . 
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EXAMPLE 3. Let ~2 be as in the previous examples, with T E g(d) given 
bY 
Then, 
WY T, = Le,,$- 8,) 
0 
l/(X - e,) I 
so that Sp(T) = (0, I!$> and Res(T) = V\(O, 19,). 
On the other hand, 
SO that Sp(B) = (0, , 0,> and Res(0) = %Y\{e, , 0,>. Thus 
Res(e)\{O> C Res( T). 
And it is easy to show that 
W T)x = [(-xlelp(x - e:r+ (x,/(h - 8,))l 
= (x/A) + (1 /A) I?(/\, e) * TX 
for all x E &’ and h E Res(B)\(O}. 
Next, let ~2 be the complex algebra of (rz x I)-matrices and 8(d) the 
complex algebra of (n x n)-matrices, operating on JZZ as left multiplication. 
Then, with 
(i,j = l,...,n), 
and e(l) = (1, 0, 0 ,..., 0)*, ef2) = (0, 1, 0 ,..., 0)* ,..., etn) =(0, 0 ,..., 0, l)*, x* 
denoting the transpose of X, we can determine all the Baxter matrices in the 
same way as for the two-dimensional case. In fact, (4.3) holds for the n-dimen- 
sional case, and there are relations similar to (4.2). 
By means of elementary transformations, it can be shown that a Baxter 
matrix on &’ has the representation 
TcPo [ 1 0 Q 
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where P and Q are the triangular submatrices 
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P= 
and 
with p + p = n, the elements Bi (i = 1,2,..., n) of 6 being renumbered if 
necessary. 
Taking 8 = e, we obtain the corresponding summation matrix on & 
(cf. [4, p. 5091). 
5. A REPRESENTATION FOR T WHEN 0 IS REGULAR 
For the two-dimensional case, we have seen that given 
we can determine the set of all Baxter operators on &’ with parameter 0. 
From this set, it is not hard to show that each Baxter matrix T can be written 
in the form 
T=SO (5.1) 
where S is obtained from T on putting fOj = f 1, so that S is the summation 
matrix corresponding to T, and 0 is the diagonal matrix 
4 0 [ 1 0 8,* 
This result can be readily extended to the n-dimensional case. 
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Now, let T be a Baxter operator on a complex Banach algebra =r/ with 
identity e. With the parameter 8 in the center of JY, define 
1&f8X = ex QXEd. 
We observe that M,, is both averaging and Baxter on .&‘, with M,e = 0. 
Let S E a(&‘) be such that 
S(&) . S(By) = S[S@x) . ey + ex . S(By) - ex . ey] (5.2) 
for all x and y in A’. We then call S a summation operator associated with 0. 
It is seen that if 0 =L e, S is a summation operator on &. 
THEOREM 5. If S is a summation operator associated with 0, then SM8 is a 
Baxter operator with parameter 0. 
Proof. This is immediate from (5.2) and the fact that 0 is a central 
element of .d. 1 
THEOREM 6. If 0 is regular in &‘, then there exists a summation operator S 
associated with 8, such that every Baxter operator T on &‘, with parameter 0, 
can be represented as 
T=SM,. 
Proof. Since e is regular, 
M;I~ = e-lx Qxed. 
It then suffices to take S = TM;l. 1 
If, instead of -02, we consider the subalgebra es&l, then 0 is the identity of 
&& if B is idempotent, since 
sled) = ed = (ed) 8. 
Clearly 0 E &z?, and 0 is regular in &zz’ if idempotent in &‘. 
If we restrict the Baxter operator T on &’ to &u’, then, assuming B idem- 
potent, 
I qey) = Tpyex) . ey + ex . qey) - exey-j (5.3) 
so that T is a summation operator on B,c4, whereas on JZZ it is a summation 
operator associated with 0. 
THEOREM 7. Let LZ? be a complex Banach algebra with identity e; T, a 
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Baxter operator on ~2 with parameter 8; 8, a central idempotent of d. Then T 
is a summation operator on B&22. 
If, further, 0 E Y(T), the scalar subaEgebra of T, then T is a summation 
operator on 22 if e is regular in &. 
Proof. The first part is a summary of the foregoing discussion, while the 
second is immediate from (5.3). 1 
The theorem shows that the analysis of a Baxter operator T on & with 
parameter 0 reduces to that of a summation operator when restricted to &$ 
if B is a central idempotent; and to that of a summation operator on .& itself 
if the central idempotent 0 is in Y(T) and is regular in ~2, as well. 
By way of conclusion, we note that although the results obtained appear 
to suggest that there is some connection between Baxter and averaging 
operators in certain specific cases, in particular, in the case Te = 8, there is 
nothing definite that would allow us to state categorically that, in general, 
there exists a connection between these two classes of operators in the same 
way as there does among Baxter operators, summation operators and anti- 
derivations on the one hand, and between averaging and Reynolds operators 
on the other hand (cf. [3, 51, for example). 
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